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In Schwarzschild spacetime, the gravitational spin-orbit couplings of the massless Dirac 
field and the photon field can be studied in a unified way. In contrary to the previous 
investigations presented mainly at the quantum-mechanical level, our work is presented at 
the level of quantum field theory without resorting to the Foldy-Wouthuysen transformation. 
If massless Dirac particles and photons have the same momentums, their energy-level 
splittings due to the gravitational spin-orbit couplings are the same. Massless Dirac particles 
and photons coming from the Hawking radiations are partially polarized as long as their 
original momentums are not parallel to the radial direction of a Schwarzschild black hole. 
PACS numbers: 04.20.Cv, 04.62.+v, 04.70.Dy 
There have been many investigations on the spin dynamics in a gravitational field [1-16], 
most of them are presented at the levels of quantum mechanics or classical field theory, 
rather than of quantum field theory. For example, some previous works are presented by 
studying the time evolution of single-particle variables (such as a spin vector or a 
four-dimensional (4D) velocity, et al), or by means of the semiclassical approximation 
based on the methods of the Foldy-Wouthuysen transformation [11-16]. In this paper, the 
gravitational spin-orbit couplings of the massless Dirac field and the photon field are 
studied in a unified way, from which one can obtain some new insights. We work 
throughout in geometrized units, 1c G= = = . The metric signature is ( , , , )− + + + , and the 
4D Minkowski spacetime metric tensor is denoted by diag( 1,1,1,1)µνη = −  ( , 0,1, 2,3µ ν = ). 
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Complex conjugation is denoted by ∗  and hermitian conjugation by † .  
Outside a Schwarzschild black hole of mass M, the standard form of the Schwarzschild 
metric is  
2 2 1 2 2 2 2 2d (1 )d (1 ) d (d sin d )s ss r r t r r r r θ θ φ
−= − − + − + + ,       (1) 
where 2sr M=  is the Schwarzschild radius of the black hole. One can introduce a new 
radial coordinate [17] 
2( 2 ) 2s sr r r r rρ = − + − , or 
2(1 4 )sr rρ ρ= + ,      (2) 
which implies that 4srρ →  for sr r→ , and the isotropic form of the Schwarzschild 
metric reads: 
2 2 2 2 4 2 2 2
1 2 3d (1 4 ) (1 4 ) d (1 4 ) (d d d )s s ss r r t rρ ρ ρ ρ ρ ρ
−= − − + + + + + ,       (3) 
where the variables 1ρ , 2ρ  and 3ρ  are defined by 1 sin cosρ ρ θ φ= , 2 sin sinρ ρ θ φ= , 
3 cosρ ρ θ= . Let 1 2 3( , , )ρ ρ ρ=ρ , one has ρ = ρ . To apply the connection coefficients in 
an orthonormal basis, let us rewrite Eq. (3) as [17] 
2 2 2 2 2 2 2 2 2 0 2 1 2 2 2 3 2
0 1 1 2 2 3 3d d d d d ( ) ( ) ( ) ( )s a t a a aρ ρ ρ= − + + + = − + + +θ θ θ θ ,   (4) 
where  
1
0 (1 4 )(1 4 )s sa r rρ ρ
−= − + , 21 2 3 (1 4 )sa a a a r ρ= = = = + ,        (5) 
and 0 0a t=θ d , 
l l
la ρ=θ d  ( 1, 2,3l = ) with diag( 1,1,1,1)gµν µνη= = −  form an 
orthonormal basis, the dual basis is 
1aµ µ µ
−= ∂e , 0,1, 2,3µ = ,                   (6) 
here we have ( , )x tµ = ρ , 0( , )x
µ
µ∂ = ∂ ∂ = ∂ ∇ , 1 2 3( , , )∇ = ∂ ∂ ∂ , 
l
l ρ∂ = ∂ ∂ , 1, 2,3l = . 
In the dual vector space there are the following commutators: 
[ , ] Cµκ λ κλ µ=e e e , C C
µ
µκλ µν κλη= ,                (7) 
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In the orthonormal basis the connection coefficients can be expressed in terms of the Cµκλ ,  
( ) 2C C Cκ λµ κλµ λµκ µκλΓ = − + − .                 (8) 
One can prove that ( , 0,1, 2,3µ λ = , , , 1, 2,3l m n = ) 
0Cµλλ = , 
1 lnllm lml m m lC C a a
−= − = ∂ , l m≠ ,           (9-1) 
1
0 0 0 0 lnl l ll lC C a a
−= − = − ∂ , 100 0 0 0lnl l l lC C a a
−= − = − ∂ ,          (9-2) 
0 0 0m l mlC C= − = , 0 0 0lm mlC C= − = , 0nlm nmlC C= − = , l m n≠ ≠ .   (9-3) 
Let us first consider the Dirac field with vanishing rest mass. In Minkowski spacetime 
the free massless Dirac field satisfies the Dirac equation of i ( ) 0xµ µγ ϕ∂ = , where 
µγ ’s are 
the Dirac matrices in Minkowski spacetime ( 2µ ν ν µ µνγ γ γ γ η+ = − ). In curved spacetime the 
Dirac equation becomes (our conventions are different from those in Ref. [17]) 
i ( i 2) ( ) 0S xµ κλµ κ λµγ ϕ− Γ =e ,                  (10) 
where i[ , ] 4S µν µ νγ γ=  is the 4D spin tensor of the Dirac field. In terms of the 
Pauli-matrix vector 1 2 3( , , )σ σ σ=σ  and the 2×2 unit matrix I2×2, where  
1
0 1
1 0
σ
 
=  
 
, 2
0 i
i 0
σ
− 
=  
 
, 3
1 0
0 1
σ
 
=  − 
,               (11) 
one can define the Dirac matrices and other matrices in Minkowski spacetime as follows: 
2 20
2 2
0
0
I
I
γ ×
×
 
=  − 
, 
0
0
 
=  − 
σ
γ
σ
, 
0
0
 
=  
 
σ
α
σ
, 
0
0
 
=  
 
σ
Σ
σ
.      (12) 
Using il m lmn n lmσ σ ε σ δ= + , where 
klm
klmε ε=  denote the totally antisymmetric tensor with 
123 1ε = , , , 1, 2,3k l m = , one can prove that 
0 i 2l lS α= , 2lm lmn nS Σε= , i
l m m l lmn nΣ Σγ γ ε γ= − = ,      (13) 
Using Eq. (9), S Sµν νµ= −  and C Cµκλ µλκ= − , one can prove that 
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0 0 0 2 12 3 31
00 0 221 331
3 23 1 12 1 31 2 23
332 112 113 223
2 ( )
                  ( ) ( )
l l l
l l lS S C S C S C S C
S C S C S C S C
µ κλ
κ λµγ γ γ γ γ
γ γ γ γ
Γ = − − − −
− − − −
 .     (14) 
Using Eqs. (9) and (13), Eq. (14) becomes 
0 1 1 1
0 0 1 2 3 1 1 0 2 3
2 1 3 1
2 2 0 1 3 3 3 0 1 2
2 i( ln ln
                        ln ln )
Σ a a a a a a a a
a a a a a a a a
µ κλ
κ λµγ γ γ
γ γ
− −
− −
Γ = − ∂ + ∂
+ ∂ + ∂
.         (15) 
Using Eqs. (6) and (15), seeing that 1 2 3a a a a= = =  and 0 0aµ∂ = , Eq. (10) becomes  
0 1 1 2 2 2
0 0 1 1 0 2 2 0
3 2
3 3 0
i i ( ln ) i ( ln )
      i ( ln ) 0
a a a a a a
a a
γ ϕ γ ϕ γ ϕ
γ ϕ
− ∂ + ∂ − ∂ + ∂ − ∂
+ ∂ − ∂ =
.        (16) 
Define 10a aη
−= , 20a aκ =  (and then 0 0 0η κ∂ = ∂ = ), one can rewrite Eq. (16) as  
0 1 2 3
0 1 1 2 2 3 3i i ( ln ) i ( ln ) i ( ln ) 0γ η ϕ γ κ ϕ γ κ ϕ γ κ ϕ∂ + ∂ − ∂ + ∂ − ∂ + ∂ − ∂ = .  (17) 
Define 0 0η′∂ = ∂ , 0 0( , ) ( , )µ η′ ′∂ = ∂ ∇ = ∂ ∇ , and, 
0ln ( , )D D DΠ Π
µ
µ κ′= ∂ = Π , 
0 0DΠ = , lnD κ= ∇Π .    (18) 
Using Eq. (18) one can rewrite Eq. (17) as, formally 
i ( ) ( ) 0DΠ x
µ
µ µγ ϕ′∂ − = .                 (19) 
Eq. (19) is valid for the Dirac field only in Schwarzschild spacetime. We call 
lnDΠ
µ
µ κ′= ∂  the pseudo-gauge potential for the Dirac field in Schwarzschild spacetime. 
BTW, using Eq. (19) one can obtain the equation of continuity: 
( 2 ) 0DΠ j
µ
µ µ′∂ − = ,                       (20) 
where jµ µϕγ ϕ= , † 0ϕ ϕ γ= . Using 0 tη′∂ = ∂ ∂ , 2η η∇ = Λ  with ln η= ∇Λ , it is 
easy to show that 
0 0 02f f f′ ′ ′∇∂ − ∂ ∇ = ∂Λ , f f∇× = − ×∇Λ Λ , 0 0f f′ ′∂ = ∂Λ Λ .   (21) 
Let 0( , )A Aµ = A , 0( , )B Bµ = B , using ( )( ) i ( )⋅ ⋅ = ⋅ + ⋅ ×σ A σ B A B σ A B  and Eq. (12) one 
has 
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0 0( )( ) i ( ) ( )A B A B A B
µ ν µ
µ ν µγ γ = − − ⋅ × + ⋅ −Σ A B α B A .      (22) 
Using Eqs. (21) and (22), it follows from Eq. (19) that 
0( )( ) 2 0D DΠ Π
µ µ
µ µ ϕ ϕ′ ′ ′∂ − ∂ − + ⋅ ∂ =α Λ .              (23) 
Let 1 2Φ κ ϕ−= , it follows from Eq. (11) that 
  i ( ) 0Φ xµ µγ ′∂ = .                 (24) 
The form of Eq. (24) is similar to the one of i ( ) 0xµ µγ ϕ∂ =  in Minkowski spacetime, but 
for the velocity of light in Minkowski vacuum being replaced with the one in an equivalent 
medium with the refractive index of 10a aη
−= . According to the tetrad formalism, the 
metric tensor gµν  for Riemannian spacetime transforms like a scalar with respect to 
Lorentz transformations in tangent space (being equivalent to a Minkowski spacetime 
locally). As a result, one can show that 10a aη
−=  and 20a aκ =  are Lorentz scalars in the 
local Minkowski spacetime. 
   Now, let us consider the photon field in Schwarzschild spacetime. In our work, the 
photon field just plays the role of a matter field which interacts through a gravitational field, 
and then we ignore its role as a gauge field mediating the interaction between the matter 
fields with electric charges, and let the charge and current densities vanish. For the moment, 
the photon field can be described via a field quantity that corresponds to the (1, 0)+(0, 1) 
spinor representation of the Lorentz group. Such field quantity can be defined in terms of 
the column-matrix form of the electromagnetic field intensities 1 2 3( , , )E E E=E  and 
1 2 3( , , )H H H=H , i.e.,  
1( )
i2
xψ  =  
 
E
H
, 
1
2
3
E
E
E
 
 =  
 
 
E , 
1
2
3
H
H
H
 
 =  
 
 
H .           (25) 
Maxwell's equations in Minkowski vacuum can be rewritten as the Dirac-like equation [18] 
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i ( ) 0xµ µβ ψ∂ = ,                   (26) 
where, by means of the 3 3×  unit matrix 3 3I ×  and the matrix vector 1 2 3( , , )τ τ τ=τ  with 
the matrix components 
1
0 0 0
0 0 i
0 i 0
τ
 
 = − 
 
 
, 2
0 0 i
0 0 0
i 0 0
τ
 
 =  
 − 
, 3
0 i 0
i 0 0
0 0 0
τ
− 
 =  
 
 
,          (27) 
one can define the matrices 0( , )µβ β= β , 0 0β β= = −α β β  and Σ  as follows: 
3 30
3 3
0
0
I
I
β ×
×
 
=  − 
, 
0
0
 
=  − 
τ
β
τ
, p
0
0
 
=  
 
τ
α
τ
, p
0
0
 
=  
 
τ
Σ
τ
.      (28) 
Under an infinitesimal Lorentz transformation x x x xµ µ µ µν νε′→ = −  ( µνε  is a real 
infinitesimal antisymmetric tensor), the photon field ( )xψ  transforms in the way [18], 
( ) ( ) (1 i 2) ( )x x Σ xµνµνψ ψ ε ψ′ ′→ = − ,            (29) 
where  
p
n
lm lmnΣ Σε= , 
0
pi
l lΣ α= , , , 1, 2,3l m n = ,          (30) 
where Σ µν  is the infinitesimal generator of Lorentz group (corresponding to the (1, 0)+(0, 
1) spinor representation), i.e., the 4D spin tensor of the photon field; lmnlmnε ε=  denotes 
the full antisymmetric tensor with 123 1ε = , p
nΣ  and p
lα  are given by Eq. (28). For the 
moment, the Dirac-like equation (26) is Lorentz covariant. Moreover, in terms of the (1, 
0)+(0, 1) spinor ( )xψ , one can discuss the quantization of the photon field easily [18].  
   Likewise, based on spin connection and the tetrad formalism, one can show that in 
curved spacetime the Dirac-like equation becomes 
i ( i 2) ( ) 0Σ xµ κλµ κ λµβ ψ− Γ =e .                   (31) 
Using Eq. (9), Σ Σµν νµ= −  and C Cµκλ µλκ= − , one can prove that 
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0 0 0 2 12 3 31
00 0 221 331
3 23 1 12 1 31 2 23
332 112 113 223
2 ( )
                  ( ) ( )
l l l
l l lΣ Σ C Σ C Σ C Σ C
Σ C Σ C Σ C Σ C
µ κλ
κ λµβ β β β β
β β β β
Γ = − − − −
− − − −
.     (32) 
Using 1 2 3a a a a= = =  and Eq. (9), Eq. (32) becomes 
0 1 0 0 1 2 12 3 31 1
0 0 1
3 23 1 12 1 1 31 2 23 1
2 3
2 ln ln ( ) ln
                        ( ) ln ( ) ln
l m
l t mΣ Σ a a Σ a a Σ Σ a a
Σ Σ a a Σ Σ a a
µ κλ
κ λµβ β β β β
β β β β
− − −
− −
Γ = ∂ + ∂ − − ∂
− − ∂ − − ∂
.  (33) 
Using Eqs. (27) and (28), [ , ] il m lmn nτ τ ε τ= , one can prove that 
p p i
l m m l lmn
nΣ Σβ β ε β− = , p p i
l m m l lmn
nΣ Σβ β ε β− = .         (34) 
Using p
n
lm lmnΣ Σε= , 
0
pi
l lΣ α= , 0 p
l lβ β α= , p p 2⋅ =α α  and Eq. (34), Eq. (33) becomes 
1 0 2 1
0 02 i ln i ln
l
t lΣ a a a a a
µ κλ
κ λµβ β β
− −Γ = − ∂ − ∂ .            (35) 
Substituting Eqs. (6) and (35) into Eq. (31), using 1 2 3a a a a= = =  one has 
0 1 2 1
0 1 1 0
2 3
2 2 0 3 3 0
i ( ln ) i ( ln )
i ( ln ) i ( ln ) 0
t ta a a a a
a a a a
β ψ β ψ
β ψ β ψ
− ∂ − ∂ + ∂ − ∂
+ ∂ − ∂ + ∂ − ∂ =
.           (36) 
Because of 20 0 0ln ln 0a a a∂ = ∂ = , Eq. (36) can be rewritten as, formally 
0
0i ( ) i ( ) ( ) 0
l
l lx Π xβ ψ β ψ′∂ + ∂ − = , or i ( ) ( ) 0Π x
µ
µ µβ ψ′∂ − = ,     (37) 
where ( , )tµ η′∂ = ∂ ∇  with 
1
0a aη
−= , and  
0ln ( , )Π Πµ µ ϖ′= ∂ = Π , 
0 0Π = , ln ϖ=∇Π , 20( )a aϖ = .      (38) 
We call lnΠ µ µ ϖ′= ∂  the pseudo-gauge potential for the photon field in Schwarzschild 
spacetime. Likewise, according to the tetrad formalism, one can show that 10a aη
−=  and 
2
0( )a aϖ =  are Lorentz scalars in tangent space (a local Minkowski spacetime). To 
guarantee Eq. (37) be Lorentz covariant in the local Minkowski spacetime, the 
transversality conditions should become  
( ) 0∇− ⋅ =Π E , ( ) 0∇− ⋅ =Π H .             (39) 
Similarly, Let ( )T1 2 i 2Ψ ϖ ψ− ′ ′= = E H  (and then 1 2ϖ −′ =E E , 1 2ϖ −′ =H H , the 
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superscript T denotes the matrix transpose), one can show that Eq. (37) can be rewritten as 
i 0Ψµ µβ ′∂ = .                   (40) 
For the moment Eq. (39) becomes  
0′ ′∇ ⋅ = ∇ ⋅ =E H .                 (41) 
Eqs. (40) and (41) imply that, with the velocity of light in Minkowski vacuum replaced with 
the one in the equivalent medium (with the refractive index 10a aη
−= ), the Dirac-like 
equation in Schwarzschild spacetime is equivalent to the one in Minkowski spacetime. 
Let 0( , )a aµ = a  and 0( , )b bµ = b  be two 4D vectors, the column matrix forms of a  
and b  are denoted as ( )Tm 1 2 3a a a=a , ( )
T
m 1 2 3b b b=b  (the superscript T denotes 
the matrix transpose, the same below), respectively, one can prove that 
T
3 3 m m( )( ) i ( )I ×⋅ ⋅ = ⋅ + ⋅ × −τ a τ b a b τ a b a b ,          (42) 
0 0 T
6 6 p p 2 2 m m( )( ) i ( ) ( )a b a b I b a I
µ ν µ
µ ν µβ β × ×= − − ⋅ × + ⋅ − + ⊗Σ a b α a b a b .   (43) 
Using Eqs. (21), (37)-(39), (42) , (43) and ln η= ∇Λ , one can obtain  
p 0( )( ) 2 0Π Π
µ µ
µ µ ψ ψ′ ′ ′∂ − ∂ − + ⋅ ∂ =α Λ .                (44) 
It is difficult to solve the exact solutions of Eqs. (24) and Eq. (40), but we can study the 
dispersion relations of massless Dirac particles and photons in Schwarzschild spacetime. 
Substituting ( )TΦ χ ζ=  and ( )Ti 2Ψ ′ ′= E H  into Eqs. (24) and (40), one can 
obtain, respectively,  
( ) tχ η ζ⋅∇ = − ∂σ , ( ) tζ η χ⋅∇ = − ∂σ .              (45) 
( ) i tη′ ′⋅∇ = ∂τ H E , ( ) i tη′ ′⋅∇ = − ∂τ E H .            (46) 
where 1 2 3( , , )σ σ σ=σ  is the Pauli matrix vector given by Eq. (11), and the matrix vector 
1 2 3( , , )τ τ τ=τ  is given by Eq. (27). It follows from Eqs. (41), (45) and (46) that,  
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2 2 2 2 2i ( )t f f f fη ∂ = −∇ + ⋅∇ + ⋅ ×∇Λ s Λ ,          (47) 
where ln η= ∇Λ , and  
,  for  ( , ) ,
,  for  ( , ) ,
f t
f t
ζ χ=
=  ′ ′=
σ ρ
s
τ ρ E H
.               (48) 
The last term on the right-hand side of Eq. (47) represents the spin-orbit coupling 
interaction. Let Λ = Λ , ρ ρ≡e ρ , using Eq. (5) and 
1
0a aη
−= , one has  
1 3(1 4 ) (1 4 )s sr rη ρ ρ
−= − + ,                (49) 
2
3 1[ ]
8 (1 4 ) (1 4 )
s
s s
r
Λ
r r
ρ
ρρ ρ ρ
= − + = −
+ −
e
Λ e .          (50) 
Seeing that there is a spherical symmetry and 1u η=  is the velocity of light in the 
equivalent medium, for distant observers let us assume that 
0( , ) ( ) exp[ i( )] ( , ) exp(i )f t A t A tρ ω η ρ η= − − ⋅ = ⋅ρ k ρ k ρ ,       (51) 
where 0( , ) ( ) exp( i )A t A tρ ρ ω= − , 0 ( ) 0t A ρ∂ = , 0tω∂ = , 0µ∂ =k , 0 0 ( )A A ρ=  and 
( )ω ω ρ=  are the functions of ρ = ρ . Let ln ( , ) [ ( , ) ]A t A tρρ ρ ρ≡ ∇ = ∂ ∂Γ e , 
cosΘρ⋅ =k e k , tsinΘρ × =e k k e , where Θ  is the included angle between the unit 
vector of ρe  and the vector of k , te  is a unit vector perpendicular to ρe  and k , using 
Eqs. (49)-(51), one can prove that Eq. (47) becomes 
2 2 2 2 2
t
2 2 2 2
2 2 sin ( )
       4 ( ) 4 ( )( ) 2i ( )( )
       2i ( ) 2i ( )( ) i ( )
f f f f f Λ Θ f
f f f
f f f
η ω η η
η η η
η η η
= + ⋅ + +∇ ⋅ + ⋅
+ ⋅ + ⋅ ⋅ − ⋅ ∇ ⋅
− ⋅ + ⋅ ⋅ + ⋅
k Λ Γ Γ Γ k s e
k ρ Λ k ρ k Λ k ρ Λ
k Λ k ρ Γ Λ k Γ
.    (52) 
Let t 1 2 3( , , )n n n=e  with 
2 2 2
1 2 3 1n n n+ + = , 0 0( ) ( )A S Fρ ρ±= , where  
1) As =s σ , ( , ) ,f t ζ χ=ρ , one has 
3
1 23
11
i2(1 )
n
S
n nn+
+ 
=  ++  
, 1 2
33
i1
12(1 )
n n
S
nn−
− + 
=  ++  
, t( )S S± ±⋅ = ±σ e ;  (53) 
2) As =s τ , ( , ) ,f t ′ ′=ρ E H , one has 
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1 3 2
1 2
2 3 1
1 2
1 2
i
i
i1
i2
( i )
n n n
n n
n n nS S
n n
n n
∗
+ −
− 
 − 
 +
= =  − 
 − +
 
 
, t( )S S± ±⋅ = ±τ e .             (54) 
To lay stress on the spin-orbit coupling interaction, let 0ρ⋅ =k e , i.e., cos 0Θ = , sin 1Θ = , 
using Eqs. (52)-(54), (50) and [ ( , ) ]A tρ ρ ρ= ∂ ∂Γ e , one can obtain  
2 2 2 2 22 2 Λη ω η η= + ⋅ + +∇ ⋅ ±k Λ Γ Γ Γ k ,          (55) 
The last term on the right-hand side of Eq. (55) is the gravitational spin-orbit coupling, 
which implies that, for a given momentum vector of k , the spin-orbit couplings of 
massless Dirac particles and photons in Schwarzschild spacetime are the same (in general, it 
is 2 sinΛ Θη± k ). Using [ ( , ) ]A tρ ρ ρ= ∂ ∂Γ e  and ρ ρ=e ρ , one has 
2 2( , ) 2 ( , )A t A tρ ρ ρ ρ ρ∇⋅ = ∂ ∂ + ∂ ∂Γ .            (56) 
Substituting Eqs. (50), (56) and [ ( , ) ]A tρ ρ ρ= ∂ ∂Γ e  into Eq. (55), one has 
2 2 2 2 2
2 2
2 ( ln ) 2 ln
           ln 2 ( ln )
Λ A A
A Λ A
η ω η η ρ ρ ρ
ρ ρ
= ± + ∂ ∂ + ∂ ∂
+ ∂ ∂ − ∂ ∂
k k
.      (57) 
Let us discuss Eq. (55) or Eq. (57) as follows: 
1). As ρ → +∞  (i.e., r →+∞ , see Eq. (2)), 1 3(1 4 ) (1 4 ) 1s sr rη ρ ρ
−= − + → , 0Λ→ ,
( )A ρ  becomes a constant, such that 0→Γ , it follows from Eq. (55) that 2 2ω = k .  
2). As 4srρ →  (i.e., sr r→ , see Eq. (2)), 
1 3(1 4 ) (1 4 ) 8s sr rρ η ρ η
− −− = + = , and 
4 sΛ rη= , where η → +∞ , it follows from Eq. (57) that 
2 2 2
4
2 lim ( , )
s
s r
r F t
ρ
ω ρ η
→
= ± +k k ,               (58) 
where 
2 2 2( , ) ( ln ) 2 ln ln ( ln ) 2 sF t A A A A rρ ρ ρ ρ ρ η ρ= ∂ ∂ + ∂ ∂ + ∂ ∂ − ∂ ∂ .   (59) 
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By imposing the slowly-varying envelope approximation on Eq. (51), one can take the 
approximation of 2
4
lim ( , ) 0
sr
F t
ρ
ρ η
→
≈ . Then we have, for 4srρ → ,  
22 2 srω = ±k k ,                    (60) 
The second term on the right-hand side of Eq. (60) comes from the contribution of the 
spin-orbit coupling. More generally, it is sin 2 sΘ r± k . When a Schwarzschild black hole 
shoots off a Dirac particle or a photon tangentially, if the probability of the particle escaping 
from the black hole does not vanish, one has 2 0ω > , for the moment Eq. (60) implies that 
1 2 sr>k . On the other hand, for 4srρ →  Eq. (60) implies that 
ω ω±= ± , 
2 2 srω± = ±k k ,                    (61) 
where ω+  and ω−  respectively represent the energies of massless Dirac particles with the 
spin projections of 1 2± , or respectively represent the energies of photons with the spin 
projections of 1± . That is, because of the gravitational spin-orbit coupling, there is a 
splitting of energy levels. As we know, the helicity of a particle describes the spin 
orientation with respect to the direction of the particle’s motion. However, in the spin-orbit 
coupling, the spin projection of a particle describes the spin orientation with respect to the 
direction of an orbital angular momentum (in our case, along the direction of ( )ρ ×e k ). 
As we know, information about the collapsed matter in a black hole will be lost if 
Hawking radiations are truly thermal, which is inconsistent with the unitarity of quantum 
mechanics, and then presents a serious obstacle for developing theories of quantum gravity. 
This is the so-called ‘‘information loss paradox’’. Many investigations on the question of 
whether information is lost in black holes have been presented [19-25], but none is capable 
of successfully ending the dispute.  
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In view of the fact that free (i.e., non-self-interacting) quantum fields in curved 
spacetime are equivalent to the quantum fields of Minkowski spacetime interacting with a 
gravitational field, the Hawking radiations of Dirac particles or photons in the presence of 
the gravitational spin-orbit couplings are the same as the ones of free Dirac particles or 
photons in Schwarzschild spacetime. Therefore, because of the spin-orbit couplings, when 
Dirac particles or photons coming from the Hawking radiation near the event horizon of a 
Schwarzschild black hole are emitted along the tangential direction of the Schwarzschild 
black hole, their energies are given by Eq. (61). Let HT T=  denote the Hawking 
temperature, dN  and pN  denote the Hawking thermal spectrums for Dirac particles and 
photons, respectively, one has 
1
d B H( ) [exp( ) 1]N k Tω ω
−= + , 1p B H( ) [exp( ) 1]N k Tω ω
−= − ,       (62) 
where Bk  is the Boltzmann constant. Because of the gravitational spin-orbit couplings, for 
each given momentum vector of k , one has ω ω±= , i.e., there is an energy-level splitting 
between two states with different spin projections and the same momentum vector. It 
follows from Eq. (62) and ω ω+ −>  that 
d d( ) ( )N Nω ω+ −< , p p( ) ( )N Nω ω+ −< .             (63) 
Therefore, for a given momentum vector of k , Dirac particles or photons coming from the 
Hawking radiations are partially polarized (provided that their original momentums are not 
parallel to the radial direction, i.e., sin 0Θ ≠ ), rather than completely disorder, which 
might encode the information and escape the black hole.  
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